
Developing conceptual understanding through 
interactive diagramming

Wode “Nimo” Ni
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What’s sin(-π/6)?
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Pushing symbols: trig identities
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A hint
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“奇变偶不变 符号看象限” — Chinese proverb



Look at the quadrants?
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“奇变偶不变 符号看象限” — Chinese proverb
“Look at the quadrants for the sign”

Nimo’s middle-school teacher



A visual representation: the unit circle 

6



Solving for sin(-π/6) visually
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“Look at the quadrants for the sign”



Taking the alternative path
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“The Multimedia Principle” 

Visual+symbolic representations 
improve knowledge retention and 
transfer in problem solving. 

The Grounding Rectangle

9

Mayer & Moreno, 2010

Wiese. “Grounded Feedback.” Rau. “Conceptual learning with multiple representations.” 



The Grounding Rectangle
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Needs explicit learning and 
practice: worked examples, 
feedback, spaced repetition…



Nice. How about some practice?

How it’s goingHow it started
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The missing path
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Reality: “Alternative path” 
rarely practiced, mostly 
“symbol pushing” 



The supply problem of diagrams 
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Reality: “Alternative path” 
rarely practiced, mostly 
“symbol pushing” 

Reason: diagrammatic 
contents are hard to make, 
maintain, and distribute 



Need for better tools
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Reality: “Alternative path” 
rarely practiced, mostly 
“symbol pushing” 

Reason: diagrammatic 
contents are hard to make, 
maintain, and distribute 

Need: tools that (1) alleviate 
educators’ manual effort in 
authoring diagrams and (2) 
facilitate visual thinking for 
students



Encoding visual representations in diagramming tools 
simplifies programming of interactive visual activities that 
provide students with automated feedback at scale. 
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Understanding the diagramming process and encoding 
visual representations 



Semi-structured interviews
18 diagrammers,12 domains

How do people create diagrams?
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Diagrammers seek existing representations

…or create their own ones

…by sketching
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Diagrammers seek existing representations

…by sketching

…or create their own ones
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Diagrammers seek existing representations

…or create their own ones

…by sketching
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Diagramming tools don’t support representations
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Direct Manipulation

Diagramming tools don’t support representations
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Pixels, shapes, layers
Highly manual

Viscosity



Programming languages

Diagramming tools don’t support representations
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#s, macros, functions

Steep learning curve

High upfront cost
Macros are terrible, I make 
macros that are 20 or 30 
braces deep […they’re] just 
incredibly hard to write and 
edit.  (P11)




Diagrammers keep representations manually by…
prior versions

24



Diagrammers keep representations manually by…
prior versions, low-level parameters

=== COLORS ===
* Orange
Base: #f7883c
Dark: #000 @ 15% (overlay)
Darker: #000 @ 30% (overlay)
Light: #fff @ 20% (overlay)
Lighter: #fff @ 40% (overlay)
=== STROKES ===
Main (silhouette only): #000 2pt thickness (solid)
Secondary: #000 1pt thickness (solid)
Tertiary: #000 @ 50% (overlay) 1pt thickness 
Behind: #000 @ 1pt thickness (dashed: 6pt dash, 7pt gap,
  round cap, align to corners)
=== FONT ===
Base: Linux Libertine (add with TikZ directly in TeX)
Size: 11pt

r p

=== COLORS ===
* Orange
Base: #f7883c
Dark: #000 @ 15% (overlay)
Darker: #000 @ 30% (overlay)
Light: #fff @ 20% (overlay)
Lighter: #fff @ 40% (overlay)
=== STROKES ===
Main (silhouette only): #000 2pt thickness (solid)
Secondary: #000 1pt thickness (solid)
Tertiary: #000 @ 50% (overlay) 1pt thickness 
Behind: #000 @ 1pt thickness (dashed: 6pt dash, 7pt gap,
  round cap, align to corners)
=== FONT ===
Base: Linux Libertine (add with TikZ directly in TeX)
Size: 11pt

r p

25



Diagrammers keep…
prior versions, low-level parameters, 


and personal libraries
For any thrackle we can create a graph where the vertices represent the

convex sets and there is an edge between the vertices if the two convex sets
intersect. For example:

Figure 1: A thrackle and its reverse graph color indicated W points

since ever convex set must intersect exactly once the ending reverse graph
will be the complete graph on m vertices, Km.

The intersection of convex sets is a symmetric relation and so any W point
will be a sub-complete graph. Therefore the decomposition of the complete
graph into sub-graphs is the number of W points which has to be larger than
than m.

Figure 2: Examples of tight thrackles for Conjecture 0.1
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Figure 3: Example graphic made with tikz.
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“to express their ideas in the same way they think about them” 

Natural Diagramming
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Vocabulary Correspondance

Reduce the semantic distance between 
interaction metaphors and diagrammers’ 

vocabulary 
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Representation salience

Treating representations as first-class entities
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Penrose: model how math diagrammers think

30

<latexit sha1_base64="0HKRyex3buERIPQJR4QF4StXKc8="></latexit>

<latexit sha1_base64="cDV2Y98peOCdOWAApqYESXbgsK4="></latexit>

logical object

logical relationship

visual object

visual relationship



Penrose: explicitly declare mappings from math to graphics
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Domain
There exist sets  such that .A, B B ⊆ A

Domain



Penrose: explicitly declare mappings from math to graphics
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Domain

Substance

There exist sets  such that .A, B B ⊆ A



Penrose: explicitly declare mappings from math to graphics
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Domain

Substance

Style

There exist sets  such that .A, B B ⊆ A



Penrose: explicitly declare mappings from math to graphics
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Domain

Substance

Style

There exist sets  such that .A, B B ⊆ A

“contains” gets automatically translated 
into a numerical constraint

|cY − cX | < rY − rX



En
er

gy

Time

A

B

C

D

E

F

G

A

B

C

D
E

F

G

A

B

C

D

E

F

G

A

B

C

D

E
F

G

potential 
solutions

Energy landscape: “how good 

is this diagram?”
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The layout engine: finding instances of visual representation



Diagramming with Style(s)
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Encoding visual representations in diagramming tools 
simplifies programming of interactive visual activities that 
provide students with automated feedback at scale. 
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Edgeworth: Diagrammatic Content Authoring at Scale
(In progress)
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Connecting symbolic and visual reps.



Translation problems ➡ Representational fluency

40
Kellman et al. 2020



Contrasting cases



Contrasting + corrective feedback ➡ Sensemaking

42
Kellman et al. 2020



How do we get more diagrams?
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Let’s use the Substance program
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Side-Angle-Side Rule




Make a more special correct answer

45

Hypotenuse-Leg Rule




 Edgeworth: Authoring Diagrammatic Problems using Program Mutation
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Prelim. Evaluation: re-creating textbook problems
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Synthesis-driven authoring
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Proposed



Measuring semantic consistency
Original Mutant #12 Mutant #30Mutant #7

50

Proposed



Encoding visual representations in diagramming tools 
simplifies programming of interactive visual activities that 
provide students with automated feedback at scale. 
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Interacting with visual representations



From encoding to semantic-preserving interactivity
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From encoding to semantic-preserving interactivity
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Proposed
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Explorable explanations & interactive problems
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Well, it’s a lot of work

https://github.com/vicapow/explained-visually
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…not anymore with Penrose

https://github.com/vicapow/explained-visually
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…not anymore with Penrose

https://github.com/vicapow/explained-visually
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…not anymore with Penrose

https://github.com/vicapow/explained-visually
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Interactivity comes for free with free variables

https://github.com/vicapow/explained-visually

Free variables
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Computed values aren’t free

https://github.com/vicapow/explained-visually

Computed variable



Key idea: from semantics to interactive feedback

Proposal: simplify the programming of feedback-rich, interactive activities by 
leveraging translational and visual semantics

Translational semantics: how 
notations are interpreted to diagrams

62

Visual semantics: how graphical 
primitives relate to each others in a 
diagram



Two modes of drag feedback
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Follow the cursor



Two modes of drag feedback
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Follow the cursor



Two modes of drag feedback

65

Follow the cursor Freeze the world



Two modes of drag feedback
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Follow the cursor Freeze the world



Existing interactive documents use data labels to link between visuals and text.

We can get this for free.

67
The Elements of Euclid With Coloured Diagrams and Symbols. https://www.c82.net/euclid/.



Multiple representations are great. Can we help people build connections 
amongst them through interaction?

68
A Gentle Introduction to Graph Neural Networks. https://distill.pub/2021/gnn-intro/



Docs are useful for reading notations. Tooltips help explain them on-demand.  

How about both?

69

Conlen et al. Idyll: A Markup Language for Authoring and Publishing Interactive Articles on the Web.

Head et al. Augmenting Scientific Papers with Just-in-Time, Position-Sensitive Definitions of Terms and Symbols.

Crichton. A New Medium for Communicating Research on Programming Languages



Encoding visual representations in diagramming tools 
simplifies programming of interactive visual activities that 
provide students with automated feedback at scale. 
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Encoding visual representations in diagramming tools 
simplifies programming of interactive visual activities that 
provide students with automated feedback at scale. 

71



Developing conceptual understanding through 
interactive diagramming

Wode “Nimo” Ni
72



Backup slides
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Step-skipping in geometry proofs

Koedinger & Anderson, 1990. Abstract Planning and Perceptual Chunks: Elements of Expertise in Geometry.
74



Conceptual knowledge: understanding of the principles that govern a domain and 
of the interrelations between units of knowledge in a domain. This knowledge is 
flexible and not tied to specific problem types and is therefore generalizable. 


Rittle-Johnson, Siegler & Alibali, 2001

How experts solved it: diagram configuration
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Mayer & Moreno, 2010

Multiple representations improve 
knowledge retention and transfer 
in problem solving. 

“The Multimedia Principle”

76



The sad part of the diagram is that every child in the 
United States is taught math and physics through this 
[symbolic] channel. The channel that almost no adult 
creative mathematician or physicist uses to do it... They use 
this channel to communicate, but not to do their thing. 


Jacques Hadamard […] decided to poll […] 100 great 
mathematicians and physicists on the earth, and he asked 
them, “How do you do your thing?” […] Quite a surprise. 
All of them said they did it mostly in imagery or figurative 
terms. 


Alan Kay: Doing with Images Makes Symbols (1987)
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Why don’t you just make more diagrams?

“[Diagram-making] is mostly 
copy-pasting. It’s really hard 
to find, say, a component for a 

diagram.” (P1)


“Diagrammatic problems are 
complex and take more 

time to grade, but I’m willing 
to spend the extra effort to 

design and grade them.” (P6)
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Penrose pipeline links specification to synthesis
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lexing & parsing & cascading

input source files

search &
substitution

.DSL .SUB .STY
ASTs computation

graph

objective
graph

constraint
graph

SDࡽHUQ�PDWFKLQJ

optimization
problem

final
diagram

.DSL

final
values
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sequences of diagrams

changing the styling

Visualizing geometry



81

generating a gallery of alternatives

Style—Euclidean Style—spherical Style—hyperbolic

changing the geometric interpretation

Visualizing geometry



github.com/penrose/penrose
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Existing diagramming tools…
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How Domain Experts Create Conceptual Diagrams and Implications for Tool Design. CHI’20



Existing diagramming tools…
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How Domain Experts Create Conceptual Diagrams and Implications for Tool Design. CHI’20

“Once I make [the diagram], it’s hard to change anything. I want a tweakable 
authoring tool for changing my diagrams along with the problems.” (P2)



Prelim. Evaluation: re-creating textbook problems

85

20  Diagrams generated/trial

1-3 Mutations/program

<5 Programs to see first correct and incorrect diagrams

1-2 Special cases/trial*

1-5 Distractors/trial*
* results vary based on tuning of configuration parameters in Edgeworth



Mutation paths ➡ templates

86

Proposed



Edgeworth v0.0.1 in action
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https://www.youtube.com/watch?v=fjcXR4SgNNw
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Direct Manipulation
Diagrammers use…

Abstraction & Automation

Local control

Steep learning curve

High upfront cost

Fast feedback

Global control

Very manual

Viscosity 

Programming languages



Two modes of drag feedback
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Follow the cursor Freeze the world



90

“Freeze the world”
“Follow the cursor” doesn’t work universally.

Look at optimization problem to deduce strategy

Approach: Lock all DOFs other than the interactive ones.




